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FOREWORD

This report was prepared by the Department of Electrical

Engineering of the University of Southern California under USAF-

Contract No. F 04(695)-67-C-0109. This conlract was initiated

3 /W.mlzfz Caal i e Srs .

under Project No, 5218 Universily Program, Task No. 10, "Aero-
space Vehicle Detection and Tracking Systems”. The work was
administered under the direction of Space Systems Division, Air
Force Systems Command with Li. Amoroso acting as ptioject
officer and technical support furr;ished through the TDPS Office of

Acrospace Corporation.

Information in this report is embargoes under the U, S,
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Export Control Act uf 1949, administered by the Department of

Commerce. This reposrt may be released by departments or

agencics of the U,S, Government {o departments or agencies of S :

forcign governments with which -the Uniled States has defense C :
. freaty commitments. Private individuals or firms must comply

with Department of Commerce expoi—t coniro} regulations.
Publication of this report does nct constitute ‘Alr Force
. approval of the report’s findings or conclusions. It is published -

only for the exchange and stirmulaticn of ideas.
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ABSTRACT

The subject of this report is the derivation of optimum control
rule for guidance of a space vehicle which seeks io reach a nioving
target, The available thrust vector is assumed to be bounded in magni-
tude and any on-board measurements to be contaminated by rardoni

noise. The performance measure is chosen to be the expectation of

R

o

o

terminal miss distance. The optimum control rule is shown to be 2 function of the

4
sign of the expected value of line-of-sight angular rotation with respect
to an inertial coordinate system and, consequently, measurement of this
angular rate {e.g., by meansg of an angle tracking system) is sufficient

to implement the optimum control rule. The optimum controller is very

simple and more suited to space application tian the conventional method

of proportional navigation coruronly used 1n missile systems operafing
in lower altitudes due to the desirability of using reaction jets in space

vehicles.
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L. INTRODUCTION

i

sty g concerned with technigues for control of an interceptor
whiicn secls to reach a moving target in srace. When the coatrol of the
interceptor is baced upon data that is contaminated with noine, and when
both the intercepter and the target are assumed to be point masses, the
vrobability of interception will, in general, be zero ard the distance of
cl..est approach willi be o random variable. ’n such a circumstance we

may use. ihe expeeted valve of the miss distance as a performance measure.

I¥ the tarpet trajeciory is available to the interceptor either through
a1 priori nowledgy or Ly som- on-board measuremients, the interc‘ep.tv,ion
problerm may be solved by determining the time and point cf closest approach
and chuosing o ~ontroller which satisfies terminal condition. The control
nay bz of an open-luop nature. When the interceptor dynamics are governed
by iincar diffesrential equations with bounded control the soluiion to the
problem ie liscussed in [ 1] and [2]. However, in practice the amausit
of informuatioen concefning target motion i6 inadequate to enable the coa-
tvoller to gencrate a reasonable estimate of target trajectory since, at

any given time, the futuere tarpet acceleration i8 unknown, Furthermore,

it may not be desirable or practical to measure the interceptor-target
range accurately., Conrequently, it is8 clear that a closed loop solution
to the preoblem should be sought. This is an old problem and has hLeen !
solved in practice by means of choosing a reasonable form for the intee-

ceptor control law and thenminimizing the expected miss distance through

¢ Ml e, = b - rAnARLIAT o
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cimulation by adjustiag va. ious pavaineters. A very ccmmon scheme is
cefer d to as proportional navigation in which the interceptor attempts
to reduce the rotation of the line-of-sight to zero by applying control to
change the direction of its velocity vector (it is called proportional navi-
pation because the component of interceptor acceleration normal to its
velocity vector is made  proportional to the line-of-sight angular r-te.
In a4 recent paper [3] it was shown that this scheme is optimu-~. .nder
three very restrictive conditions, namely; (1) in the aba<ce of any noise,

(2) having the a priori knowledge of flight duration,and (3) when the
performance criterion is taken to be a quadwratic function of the terminal
miss and the control vector wher: the control vector is assumed unbounded.
Although this is an in:gg{gstipg recult, yet, it does not yield the solution to .
the practical problem cited abuve.m;n this wcrk an optimum closed loop
solution to the problem is derived where the control i3 bounded in magni- ,

tud: and the performance measure is choseu to be the mathematical expec-

tation of the terminal miss distance.

iI. DERIVATION OF EQUATION CF MOTION

For this study the planar motion of the target and the interceptor
wili be considerec. The sclution to the thkrze dimensional problem may
be obiained in a similar manner. Figure | displays the target-interceptor

geometry with respect to a target centered coordinate system.

= e T A AR 1



Target Reference
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Figure 1

w{t}) ie tire location of the intercepior a. time t

VI(L) ig the veiocity vector of the interceptor

x-T(t) is ihe velocity vector of the target rceferred to w(t)

aI(t) is the interceptor acceleration vector
aT(L) is ihe target acceleration vector referred to w(t)

r(t) is the line of sight vector

v(t) = vI(t! ¥ vT(t}.

The motion of the interceptor during the interval [t, t + 8t) i3

shown in Figure 2. The relevant acceleration vectors can be cecomposed

. T e

iato a component along vi{t) and a component normal to v{t). Thnese com-"""

ponents will be aenoted by the additionai subscripts v and T respectively.

“3.
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o From Figure 2 it is evident that : S
oo : oft + &) = cft) - y(t, 8t} + pit, 6t) {1} o
¥ In order to chidin an explicit expression for the evolution in time of o{t},
e the auriliary variables pit, 6t) axd y {2, 6t) must be eliminated from Eq. (1). =
L e o 1 . . S
2 - Consider first ¥{t, 5t). Since foilt) - w(t+ 6t) | =0{(st) , we have L ey
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oty || sin o{8)

vit, 8t} = - : p 8t + ofbt) . 2y
HEION
Similarly,
’ a_ ft)+ 2, {t)
plt, 8t} = IN I 5t+ o(st) . 3)
£463]
If £gqs. {2} and (3) 2re subsiituted into .Eq..‘ {1}, the foliowing eguation
results v
vy} sin o4 s, {t) ta_ () . g
S(t+88) = ofe) + . TR . MU & B (4)
123G} Y
Dividing By, (4j through by 4t and taking the Emit & -~ 0 yields
Nvia} a (1) +a. (B ' i
() = — singi+ IR . . g
Iz RGT =

" Equation {5) is the basic squation descriving thie dyusmical pfoper-
ties f the systesn. Note that caly fkese components of vehicle acceleration
perpendicular to the resultant velocity vecior v(t) affect tae line-of~-sight

aagular rate.
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III, DERIVATION OF THE OPTIMAL CONTROL i AW

It will be supposed in this section that the interceptor can orient
its acceleration vector ip any avbitrary direction. Since we will mechanize
this system with feedback, the observable data must he specified. Assume
that the directional information available on board consists of the line-of-
sight direction and the interceptor velority and acceleration vetctors (these
latter may be obtained by using a set of accelerometers arnd integrators cr
by velocity measurements with resgect to an inertial reference system

fixed in space.)

To be more precise, denote the observed portion of the vehicle
dyuamic characteristics by g(t). Since it is not r¢asonable to presume
that such time functions as line~of-sight angle can ke méasured witnout
error, an additive noise vector n{t) will be addéd to the observations to

obtain the vector 1) (t}, the feedback signal to the controller.
(L) = S+ nft) . {6)

For convenience in notation denote the time function (1} 0 <T < t by
7@

To obtain an explicit expreseion for the optimum control rule, we
will employ the dynamic programming formalism. Le! J denote the magni-

tuce of the terminal miss distance if the optimal control is used. By

terminal miss distance we mean the euclidean distance between target

_6-
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and interceptnr at the end of the pursuit process. The scalar J is
ncn-negative and ig zero only if the interceptor hits the target. If the «
system state is given at time t, the terminal miss will be a ,rar;dorn
variable because of the dependence of vehicle acceleration on cbsurvaticn
ncise. The state of the interceptor may be described in terms of the line-
of -sight angle, the range, and the velocity. If the expected value of the

miss distance is used as the perforrnance measure, we have

: H = E{3(s(), V), R |1 @77 (1)

This is a terminal control problem, and consequently, the incre-
mental cost is identically zero. Frum Bellman's principle of optimality

(41 we obizin the following recurrence formula

o
I

E{5{o (), V), REO)|7,0) o -
| ).

E{”ﬁ? E( 1o (t+a), V() Réeta) I, M3 19,0
t< Tt

Since a{T), t <7 <t+ A is functionally dependent on T}t(I), we may use the

AN e, AT STy T A

identity

R g B

2{e{A|B}} E{Al

P

To simplify the notation, capital letters will be used to denote the magni-
tude of the velocity, and range vectors.

ARt K MO
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E[J(o(t),v(t),R(t)vi'nta)i= min E{J(o(t*a),vqt+ai.k(c+zs)|n~t(n}.
a({r)
t_g'r<t+A

If J possesses all necessary derivatives,

§ J(o(t+b), V(t+4), R(t+8)) = J(0 (), V(e) R({t})

9y

4 33 «do , , 3] dv 2J 4R
' do(t) dt AV(t) dt R{t) dt

A + of8} .

2

i
2 , N -
. ’ Therefore, ~
(3

E , 3T _ - 3 Q) . 33 4R(y, o), o

3 | = Bl ~——~— + + - — ; . -

3 ; 0 :z:‘; E{ac(t) a(t) V(L) dt IR(t) dt A !ﬂt(l} ! (’10) .
£ E< T<ttA _— - s
E: § : ° } : :
: i ) - ! " - - S
o Clearly the rate of change of R(t) depends only on the velocity vector - Ry
; v(i), and is thus independeift of the minimization with respect to a(t). -

3 ' Note that

4 ) avit) _ s . . o
T at 3 yith * oagylt) ‘ ;

F VO a0t + 2 :'%‘TN“?‘ L < 3 S
O dt ~ R{t Vit) N '

e
Q
<

—

¥ ) ~ IO
E ; Consequently, we must seek the minimuin of = - - | T
- v - V - - .
<. .
b 7 :
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Cnly a, may Lo chosen at our discretion; that is we must consider

. a_.. (t)
Ceax 4N g ,
1’{7‘5‘ Vi) T v 2y i"tm}

guhjcct to the constraint that the interceptor is bounded

e 1)+ 2 2
N qiv =

The interceptor acceleration is functiopally dependent upon T‘,t(I). and
may therefore be factored out of the conditional expectation. The optimal
control lies either on the boundary of the constraint set or it lies in the
interior. In the former casc the Lagrange multiplier technique may he

uzed to evaluate ;xl(t). We miust minunize

r3J 1. roJ
~) oy 2 h; + -
v Blse v ‘I)} 2y B{3% ITlt(I)}

-

[

\ 2 2
+ 2 +
z ’mv () a17>

subject to the magnitude ccrstraint. The acceleration vector must then

satisfy the equations
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From the constraint equation

(3 2 1
L{—a—;,—lﬂt(l)} * ’j{ Vi) ao In(I)} = o8 {11)
\

Consequently,

c {2 v(t) X))

[ {vm (I}+E{3V(t7 !n(I)}_I
(12)

¢ B{3% Inm}

a =

i)

v 2 1/2
1
Vo) E I
The optimal control will iie on the interior of the constraint set
only ix
dJ . dJ - o
5y ] = Iy = - (i3
{5 Inm}= E{55 Inm} =0 (13)
~-10-
N3 TTTTT T T tmoesm miym o e omeme s -~
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It seems reasonable to suppose that the set of t ¢ [0, T] satisfying
Eq. (13) is finite or atleast countable. and for this reason such points

will be neglected in this investigation.

~

Iv. OPTIMAL CONTROL LAW WITH DIRECTION COMNSTRAINT

Equation (12) gives an explicit expression for the optimal control
law. Two major drawbacks to actual implementation of this controller
become immediately evident. On the one hand, the partial differential
equation for the conditional expectation for J {see Eq. (10))must be solved.
Because of the bound on the control, this is a far from trivial task.
Secondly, the interceptor must have some means of sensing the direction
of its velocity vector. For somé: vehicles,this would ipvolve an mwar?én§e¢/«« -

increase in controller complexity.

One wéy to ohviate these difficulties is to fix the direction of the

s

interceptor acceleration with respect to a measured direction. Since the:

direction of the line-of-sight is readily available, let us suppose that the

acceleration vector a(t) is orthogonal to the line-of-sight vector. Clearly,

this additional restriction on the acceleration can only increase the per-

TP TS TR

formance measure studied in the previous section. The justification of

the restriction lies in the reduced system complexily obtainable.

With the diresction constraint

T T+ ARG T S T

PN

b5

SArasRTav
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= aft) cos gft) ' ' ) .

a_..(t) = a(t) sin o (k)

: We must choose aft) to mirimize

oJ cos o (t) 3J . . . .
Ef < ap) ot sva 2 ein o(t)l'ﬂt(l)}

Since a(t) is functionally dependent on | r(I), the optimal control is

3
P~

cos oft) , ¥J .o ov(t)} 14y -

) . I
alt) = -csgmE{ 57 VO 3V

F A e o e e e e e

“‘i this value of a(t) is placed in Eq. (10), a pariial dif_ﬁfex;en’ti_al

-

[N

equation for the conditional.expectation of J would result, Solving this .

equation would represent quite a task and no uttempt will be madeé to - -

T T N T T T

solve the equation explicitly here. Two intuitively evident conjectures

T WY

about properties of J, however, do permit us to obtain the optimal control
. rule. Recalling that J is a non-negative function for all values of its

arguments, we might suppose that J(o (t), V(t), R(t)) is an incgeasing

Gl T T S i

7 .
function of o (t) for all positive V(t) and Rit) if 5> a{t) > 0 and adecreasing

s function of 0 (t) for all positive V(t) and R(t) if -Ez < oft) < ¢. Then

-12~
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sgn o(t)

turthermuore, V{t) i3 always a positive quantity and Eq. {5)

indicates Jhat an increase in V(t) has the effect of reducing the infiuence

af the iorerceptor acceleration. Consequently, it sesms reasonable to

f

suppoese that

_od
avit)

-

for ali positive R({t) and all o ().

From the symmetry of the problem

J(uft), V(). Rit); = J(-o(t), V(t), R(t))
Therefore, we have the result that

uJ cos o {i} + a:
d0o(t) v (t) SVy)

is an odc function of o(t). In fact, if tke conditional probability digtribution
of o(t) is symmetric, and if |o{t) | < n/2,

PR

3J cos oft) oJ . 1w Yoo
(=% o sy o o(t}InM} = sgn E{o(t) 0,0} . (15)

sgn L
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V. CHOICE OF REQUIRED MEASUREMENTS

Equation (16} provides the optimal contrel rule and for its imple-

caenintior we have to determine ggn B{ o (t) {T]t(I) {. However, o{t) cannct

boomeasured directly since (see Figure 1) VT(t) 13 an unknown quantity to

the inferceptor. From Figure 2

Yit+at) = v(t) - y(t, bt) (:7)

Replacing v {t, 6t) by it vaiue in Eq. {2}, dirccting both sides by 6(t) and

talking the lirnit as t =0 we have

v(t) = - B CX 0] PR 118)

jri]

Since | v (t) | and | r{t) ﬂ are pbdvéi't'i{'é""é‘g'uantities ard |o(t)| < n/2 then

sgn o{t}) = sgnsie o(t) = -sgn ‘%(t) (19)

Consequendy, the quantity which should be mezsured is the line of sight
rotation with respect to an inertial coordinate system. This quantity

can be measured on-beard by means of a tracking system. Finally, the

L1d .

o




veont ot cule oo boe written 23

2ty - +cosga 3,-:{ §${6) § '”t(”}' | 20}

Congeuently, S an {G) can be raken as Y{L) and then

) = ¥(E) + nit) ,

where 1:{t) is the measurement noise. When statistics of Yi{t) and nit!
ave known, the estimation of E{‘i’(t) I {I)}can he carried out by appropriate

opiimal filtering [ 5].

A different procedvn-é in addition ta one diecussed above can be
nsad in the cspecial case when the target is staticnary. In this case
v(t) = vI(t). “he angle setween vI(t) and an axis fixed wit, respet tc
the vehicle body can be 1measured by meane of appropriate instrurenis
on board. Furthermore, the angie betwee=z rit) and the boay fixed aris
can be measvred by means of an antenna aysiem fixed with regpect to

the vehicle., The desired angle 0 {t) is the difference hetween theae “vo

R et

angles. The advantagz of this approach is that it i8 not necessary to

mount the tracking antenna on a stable platform.



Vi. ADDITIONAL SYSTEM DYNAMICS

in practice there may be a delay time of d seconds between a
value of ‘i’(t) and peneration of the appropriate acceleration given by (20).
The delay time d may be actually an approximation to .various system
dynamics involved such as the traciking loop dynamics, reaction jets, etc,
It is easily scen that under this condition the optimum control rule given

by {20) should be modified to

A = + sgn Effe)n,_ m)

where T}t d(I,‘- repregsents the time function N(1); 0 < * < t-d.

In other words the control is based on the estimate of Y(t) corres-

ponding to the data received over the interval 0 < T < t-d.

s e

P S . Y e TP

AR RN,

VIiI. CONCLUSIONS

The opiimum contrcl law for 4 vehicle which seeks to reach a
moving target hus been derived where the performance criterion is the

expectation of the terminal miss distance and the thrust vector is bounded
‘n magnitude. Jt is shown that the optimum control law is a function of the sign of the

expected value of the line-of-sight angular rate with respect to an inertial

coordinate system,

-16-
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